
Let us prove that for an n-dimensional function f(x1, x2, . . . , xn), the directional second derivative d2

dt2 f(~p + t~v)
∣∣∣
t=0

=

(~v)T (Hpf)v, where Hpf is the hessian matrix of f at point ~p.

f : Rn → R

~p =


p1
p2
...
pn



~v =


v1
v2
...
vn



Hpf =


fx1x1

(~p) fx1x2
(~p) fx1x3

(~p) . . . fx1xn
(~p)

fx2x1
(~p) fx2x2

(~p) fx2x3
(~p) . . . fx2xn

(~p)
...

...
...

. . .
...

fxnx1
(~p) fxnx2

(~p) fxnx3
(~p) . . . fxnxn

(~p)



Let us find (~v)T (Hpf)v.

(~v)T (Hpf)~v =
[
v1 v2 . . . vn

]

fx1x1(~p) fx1x2(~p) fx1x3(~p) . . . fx1xn(~p)
fx2x1

(~p) fx2x2
(~p) fx2x3

(~p) . . . fx2xn
(~p)

...
...

...
. . .

...
fxnx1

(~p) fxnx2
(~p) fxnx3

(~p) . . . fxnxn
(~p)



v1
v2
...
vn



=
[
v1 v2 . . . vn

]

v1fx1x1

(~p) + v2fx1x2
(~p) + . . . + vnfx1xn

(~p)
v1fx2x1(~p) + v2fx2x2(~p) + . . . + vnfx2xn(~p)

...
v1fxnx1(~p) + v2fxnx2(~p) + . . . + vnfxnxn(~p)


= v1(v1fx1x1(~p) + v2fx1x2(~p) + . . . + vnfx1xn(~p))

+ v2(v1fx2x1(~p) + v2fx2x2(~p) + . . . + vnfx2xn(~p))

...

+ vn(v1fxnx1(~p) + v2fxnx2(~p) + . . . + vnfxnxn(~p))
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Let us find d2

dt2 f(~p + t~v)
∣∣∣
t=0

.

g(t) = f(~p + t~v)

x1(t) = p1 + tv1

x2(t) = p2 + tv2

...

xn(t) = pn + tvn

Note that for each xi, the second derivative is zero.

d2x1

dt2
= 0

d2x2

dt2
= 0

...

d2xn

dt2
= 0

Keeping this in mind, and using the multivariable chain rule and the product rule, we can conclude the following.

d2

dt2
f(~p + t~v)

∣∣∣∣
t=0

=
d2

dt2
g(t)

∣∣∣∣
t=0

=
d

dt
[gx1

dx1

dt
+ gx2

dx2

dt
+ · · ·+ gxn ]

∣∣∣∣
t=0

=
d

dt
[gx1

dx1

dt
] +

d

dt
[gx2

dx2

dt
] + · · ·+ d

dt
[gxn

dxn

dt
]

∣∣∣∣
t=0

= gx1

d2x1

dt2
+

d

dt
[gx1 ]

dx1

dt
+ gx2

d2x2

dt2
+

d

dt
[gx2 ]

dx2

dt
+ · · ·+ gxn

d2xn

dt2
+

d

dt
[gxn ]

dxn

dt

∣∣∣∣
t=0

=
d

dt
[gx1 ]

dx1

dt
+

d

dt
[gx2 ]

dx2

dt
+ · · ·+ d

dt
[gxn ]

dxn

dt

∣∣∣∣
t=0

= (gx1x1

dx1

dt
+ gx1x2

dx2

dt
+ · · ·+ gx1xn

dxn

dt
)
dx1

dt

+ (gx2x1

dx1

dt
+ gx2x2

dx2

dt
+ · · ·+ gx2xn

dxn

dt
)
dx2

dt
...

+ (gxnx1

dx1

dt
+ gxnx2

dx2

dt
+ · · ·+ gxnxn

dxn

dt
)
dxn

dt

∣∣∣∣
t=0
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Then, we take note of the following.

gxixj
(0) = fxixj

(~p)

dx1

dt
= v1

dx2

dt
= v2

...

dxn

dt
= vn

We can use this to expand the following.

(gx1x1

dx1

dt
+ gx1x2

dx2

dt
+ · · ·+ gx1xn

dxn

dt
)
dx1

dt

+ (gx2x1

dx1

dt
+ gx2x2

dx2

dt
+ · · ·+ gx2xn

dxn

dt
)
dx2

dt
...

+ (gxnx1

dx1

dt
+ gxnx2

dx2

dt
+ · · ·+ gxnxn

dxn

dt
)
dxn

dt

∣∣∣∣
t=0

= (fx1x1
(~p)v1 + fx1x2

(~p)v2 + . . . + fx1xn
(~p)vn)v1

+ (fx2x1
(~p)v1 + fx2x2

(~p)v2 + . . . + fx2xn
(~p)vn)v2

...

+ (fxnx1
(~p)v1 + fxnx2

(~p)v2 + . . . + fxnxn
(~p)vn)vn

We note that this is equal to what we got when we expanded (~v)T (Hpf)~v, and thus can conclude the following.

d2

dt2
[f(~p + t~v)]

∣∣∣∣
t=0

= (~v)T (Hpf)~v
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